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Analytical Derivation of a Two-Section Impedance
Transformer for a Frequency and Its First Harmonic

Cesar Monzon, Senior Member, IEEE

Abstract—The feasibility of an electrically small two-section
transformer (total length one-third-wavelength at the funda-
mental) capable of achieving ideal impedance matching at a
fundamental frequency and its first harmonic is demonstrated
analytically. To achieve this, the exact solution to the resulting
transcendental transmission line equations for two sections is
obtained with no restrictions. The parameters of the transformer
are presented in explicit closed form and are exact. The results of
this study are useful for a number of practical design problems,
including dual-band antennas and RF circuits in general.

Index Terms—Dual frequency, impedance matching, trans-
former, transmission lines.

I. INTRODUCTION

ONE OF the major drawbacks of the quarter-wave trans-
formers is the narrow bandwidth. Though a large number

of alternative schemes have been developed to improve the
bandwidth [1]–[3], it appears that little has been done to address
the case of operation at the first harmonic of the fundamental.
The current trend is toward smaller and more efficient RF front
ends in commercial and military systems, making this problem
of significant interest.

A new line impedance transformer has been introduced [4].
It is a dual band two-section one-third wavelength transformer
length that operates at the fundamental frequencyand its first
harmonic . The transformer was designed by numerical so-
lution of the transcendental equations obtained by enforcing op-
eration at the fundamental frequency and its first harmonic. In
addition, a design equation was presented [4, eq. (2)], which,
although not analytically exact, was numericallynearly exact.
It was further stated in [4] that Mathematica [5] was used to
prove that the two-section transformer was not exact, but for en-
gineering applications “effectively exact” for impedance trans-
form ratios not sufficiently high.

Here, we present an alternative treatment of the two-section
transformer analysis of [4], and obtain by elementary means an
exact analytical solution to the resulting transcendental equa-
tions, leading to practical design equations, which are validated
numerically. Here, we demonstrate that the two-section trans-
former provides a true exact solution to the present dual-fre-
quency problem, under all impedance transform ratios.
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Fig. 1. Two-section dual band transformer.

II. SOLUTION

The input impedance of the two-section line, shown in
Fig. 1, is given by

(1)

(2)

where and are the line lengths, is the wavenumber, and
the load impedance. Setting to the desired value,

establishes the impedance match transcendental equations. All
parameters are illustrated in Fig. 1.

By separating the real and imaginary components of the
above equations, and by applying the resulting expressions to
frequencies and we obtain four equations. If we assume
all parameters real, it is possible to solve the four transcendental
equations for the four unknowns (the two line lengths and the
wave impedances and ) by standard algebraic means.

The solution for the smallest two-section transformer we can
get is given by the following line lengths:

(3)

For , the dimensionless impedance transform ratio parameter,
defined as in [4], is

(4)

The associated line impedances become

(5a)

(5b)

where the last identity is essentially the so-called antimetry con-
dition [6].
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Fig. 2. Case of a fundamentalf = 10GHz and its first harmonic for variable
impedance transform ratiosK. The quality of the solution is evident from the
figure.

The solution is elementary in nature, explicit, and in closed
form. In view of (3), the total length of the transformer is given
by, , i.e., one-third-wavelengths calculated at the
fundamental frequency . This point is in congruence with the
approximate solution of [4].

A symmetry property can be obtained by purely algebraic
manipulations of (4) and (5). It can be shown that the solution
for is related to the solution for via

(6)

III. N UMERICAL PROOF OF THEEXACT SOLUTION

The simulation corresponds to a fundamental GHz
and illustrates the fact that the present solution with two sections
is exact. Return loss data as a function of the frequency is
presented in Fig. 2 for values of ranging from 2 to 20. Fig. 3
shows the case in a Smith’s chart format to illustrate the
loop response. In all cases, the frequency runs from 5 to 25 GHz.

We also considered the validation of the properties (6) cor-
responding to and its inverse . Space does not allow for
inclusion of further results; suffice it to say that simulations were
performed to verify (6), and its validity has been demonstrated.

Fig. 3. Smith’s Chart to illustrate the nature of the loop response. Impedance
match at 10 and 20 GHz.K = 3.

IV. CONCLUSION

A novel and elementary two-section impedance transformer
of one-third wavelength total length has been shown capable of
operation at the first harmonic of the fundamental under unre-
stricted impedance transforming conditions. Exact closed-form
design equations are presented, and the results are validated nu-
merically even for large impedance transform ratios. This
work improves on the recent work reported in [4].
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